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Abstract
We continue our study of the Einstein-Dirac-Born-Infeld system as started in [11]. In
this paper, we studied the thermodynamical aspect of the black hole by keeping the hori-
zon as planar in the grand canonical ensemble. In particular, we obtain the first law of
thermodynamics and the Smarr type relation. Also, studied the thermodynamic stability.
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1 Introduction
The study of AdS/CFT correspondence has opened up a new avenue to understand and
interpret the gravitational solution that asymptotes to AdS at UV [1]. In particular, the
gravitational solution can predict the stability of the dual field theory. Thermodynamically,
from the gravitational point of view, one such simple criteria to examine is the sign of specific
heat and the slope of the chemical potential with respect to charge density at fixed temper-
ature,
(
∂µ
∂ρ
)
TH
. If the system is unstable it my undergo thermodynamic phase transition and
go over to a stable phase.
The thermodynamics of charged black hole with spherical horizon that asymptotes to AdS
spacetime is studied in greater detail in the context of the Einstein-Maxwell system in [2].
One of the findings of the paper is that for geometry with such horizon there exists a Hawking-
Page phase transition. The details of the thermodynamics is calculated by regulating the
divergent on-shell action via background subtraction method in [2].
The singular nature of the gauge field in the Einstein-Maxwell system is well known and
studied. It is solved in a seminal paper by Born-Infeld and Dirac (separately), by proposing
an action (DBI) and its solution is constructed by demanding the principle of finiteness [3].
The DBI action and its properties are well studied from point of view of string theory in
[4] and [5]. In fact, a lot has been studied by considering the DBI action as a probe brane,
e.g., in [6], [7] and [8]. In [9] and [10] an attempt is made to understand the effect of the DBI
action on the background geometry. In general it is very difficult to find the DBI-backreacted
geometry of the spacetime when the dimensionality of the DBI action is less than that of the
dimensionality of the background geometry. However, when both the dimensionalities are
same, one can find a solution. The gravitational solution of the Einstein-Dirac-Born-Infeld
action in generic dimension with space-filling brane and with planar horizon is obtained in
[11], as well as the dyonic solution in 3 + 1 spacetime dimension. Different aspect of this
gravitational solution is studied in [12] and [13]. However, the detailed thermodynamics of
the system is yet to be studied1. Several applications of Einstein-DBI system in the context
of AdS/CMT are studied in [11], [18], [19], [20], [21] and [22].
In this paper, we have studied the thermodynamics of the system by adopting the counter
term method. Using such an approach, we have calculated the free energy and other thermo-
dynamical quantities. One of findings of the paper is to obtain the coefficient of the counter
term that is required to generate a finite on-shell action at the boundary and determine its
stability.
Upon inspection of the black hole solution with planar horizon that are coming from the
Einstein-DBI system, we find there exists two branches of the solution. That is solutions
1The thermodynamics of the Einstein-Born-Infeld system is studied for e.g., in [14] and [15] and shown
to exhibit the Hawking-Page transition. Some properties of the Born-Infeld system is studied in [16]. The
phase diagram of the holographically constructed Veneziano model is studied in [17]
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with positive and negative tension of the DBI brane.
Demanding that the finite temperature gravitational solution that follows from such a
system at the boundary gives us the AdS geometry provides us the following condition:
Tb + 2Λ ≡ 2Λeff < 0, where Tb is the tension of the DBI action and Λ is the background cos-
mological constant. It just follows that the effective cosmological constant of the spacetime
is not anymore just determined by Λ alone but by the algebraic sum of the tension of the DBI
action and the background cosmological constant. Upon demanding that the gravitational
solution respects the null energy condition allows us to keep only the positive tension of the
brane. Since, Tb is positive means that Λ can either be positive or negative, so that the
effective cosmological constant can be negative, 2Λeff < 0. In what follows, we shall assume
that Λ < 0. The negative value of the Tb + 2Λ suggests that the magnitude of the tension of
the brane, Tb, should be less than 2Λ. Moreover, the same condition, Tb + 2Λ ≡ 2Λeff < 0,
follows upon demanding that for large size of the horizon the Hawking temperature, TH , and
the energy, E, are positive.
We have shown that the electrical charged black hole solution obeys the first law of
thermodynamics. It is interesting to note that the first law of thermodynamics does not
depend on whether the solution respects the null energy condition or not. We have also
studied the thermodynamics of the dyonic solution. For positive tension of the DBI action,
we find that either for an electrically or magnetically charged black hole or both there exists a
minimum size of the horizon, which is above zero. The positivity of the Hawking temperature
does not allow us to go below that minimum size. However, for a neutral black hole the size
of the horizon can be made as small as we want.
The paper is organized as follows. In section two, we have described the system that we
are interested in, namely the Einstein-DBI system and the solution that follows from it. The
thermodynamic quantities like temperature and entropy just follows from the Hawking and
Bekenstein-Hawking formula. The temperature of the black hole is plotted versus the size
of the horizon in fig(1). In fig(2), we have plotted the temperature of the black hole versus
the entropy density. From the figure it just follows that there exists two branches of the
solution for negative tension of the DBI action. The specific heat is negative for small size
of the horizon whereas it is positive for larger size of the horizon. The null energy condition
simply rules out the possibility to have negative tension of the DBI action.
In section three, we have studied in detail the thermodynamics of the Einstein-DBI sys-
tem. In particular, we have determined the precise coefficient of the counter term required
to make the total action finite at the boundary. From the grand potential, we have calcu-
lated various thermodynamical quantities. We also show the existence of the first law of
thermodynamics and the Smarr type formula. The thermodynamic stability is also studied.
In section four, we have calculated the expression of the energy density from the energy
momentum tensor using the counter term method. We show that the expression of the
energy density matches precisely with that follows from the thermodynamics.
In section five, we have studied the thermodynamics of the dyonic black hole. The details
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about the hypergeometric function is relegated to Appendix A. In Appendix B, we have given
the thermodynamic details of the dyonic solution that follows from Einstein-Maxwell system
with planar horizon.
2 The action
The action that we consider is a bottom-up kind, which involves different kind of fields,
namely, the metric, abelian gauge field and scalar field. The matter field consists of the
gauge field and scalar field. The gauge field has a non-linear from, namely the Dirac-Born-
Infeld action [3], whereas the scalar field has a canonical kinetic energy and a potential
energy term. The precise form of the action that we are interested in is
S =
1
2κ2
∫
dd+1x
[√−g(R−2Λ− 1
2
∂Mφ∂
Mφ−V (φ)
)
−TbZ1(φ)
√
−det
(
[g]Z2(φ) + λF
)
MN
]
,
(1)
where [g]ab = ∂aX
M∂bX
NgMN describes the metric on the world volume of the brane. For
simplicity, we consider a space-filling brane. Using the world volume of the brane diffeomor-
phism, we can fix the choice of the world volume coordinates with the spacetime coordinates.
The indices M, N etc. denote the spacetime index and can take d+ 1 values. Tb and Λ are
the tension of the brane, and background cosmological constant, respectively. F = dA is the
two-form field strength that lives on the world volume of the brane.
It is easy to notice that the action as written down in eq(1) is in Einstein frame. The
constant λ is a dimension full object and has the dimension of length-squared and in string
theory it is identified with λ = 2pil2s , where ls is the string length [5]. It is there to make the
matrix ([g]Z2(φ) + λF )MN and its determinant dimensionless.
EoM: The equation of motion of the metric components that follows from it takes the
following form
RMN − 2Λ
(d− 1)gMN −
gMN
(d− 1)V (φ)−
1
2
∂Mφ∂Nφ−
Tb Z1(φ)Z2(φ)
4(d− 1)
√
−det
(
g Z2(φ) + λF
)
PS√−g
[(
g Z2(φ) + λF
)−1
+
(
g Z2(φ)− λF
)−1]KL
[
gMNgKL − (d− 1)gMKgNL
]
= 0, (2)
where we have re-expressed the Einstein tensor in terms of the Ricci tensor, RMN , the energy
momentum tensor and the trace of the energy momentum tensor.
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The gauge field equation of motion takes the following form
∂M
[
Z1(φ)
√
−det
(
g Z2(φ) + λF
)
PS
((
g Z2(φ)+λF
)−1
−
(
g Z2(φ)− λF
)−1)MN]
= 0 (3)
In what follows, the gauge field can be fully determined in terms of the metric components
and the scalar field. Finally, the equation of motion of the scalar field
∂M
(√−g∂Mφ)−√−gdV (φ)
dφ
− TbdZ1(φ)
dφ
√
−det
(
g Z2(φ) + λF
)
KL
−
Tb
2
Z1(φ)
√
−det
(
g Z2(φ) + λF
)
KL
dZ2(φ)
dφ
(
g Z2(φ) + λF
)−1MN
gMN = 0. (4)
Ansatz: For our purpose, we shall consider an ansatz where the metric is diagonal and
there exists a rotational symmetry along the (d-1) plane involving the xi’s. The abelian field
strength and the scalar field is assumed to be of the following form
ds2d+1 = −gtt(r)dt2 +grr(r)dr2 +gxx(r)dx2i , A = At(r)dt, F = A′tdr∧dt, φ = Constant,
(5)
essentially, the fields are considered to be function of the radial coordinate only. It means
we do have a rotational symmetry in the xi directions. For general solution with non-trivial
value of the scalar field at IR can be found in [11].
UV: Using the above mentioned coordinate system, the radial coordinate is denoted as, r.
The UV is defined to be at r →∞. In which case, we assume the spacetime asymptotes to
AdS spacetime. Moreover, the gauge field strength becomes non-singular for trivial scalar
field. The black hole solution for Z1 = 1 = Z2 reads as [11]
ds2d+1 =
r2
R2
[
−f(r)dt2 + dx2i
]
+
R2dr2
r2f(r)
, λA′t =
ρRd−1√
ρ2R2(d−1) + r2(d−1)
f(r) =
c1
rd
− 2ΛR
2
d(d− 1) −
TbR
2ρ
(d− 1)
r1−d
R1−d 2
F1
[
− 1
2
,
1
2(d− 1) ,
2d− 1
2(d− 1) ,−
r2(d−1)
R2(d−1)ρ2
]
, (6)
where R, ρ are the radius of the AdS spacetime and the charge density, respectively. c1 is
the constant of integration and identified with the mass of the black hole.
Temperature, Entropy and Chemical potential: Some of the salient features of
such black hole solution is as follows. The Hawking temperature, the Bekenstein- Hawking
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entropy density and the chemical potential, µ, associated to such a black hole reads as
TH = − rh
(d− 1)4pi
[
2Λ + Tb r
1−d
h
√
ρ2R2(d−1) + r2(d−1)h
]
, s =
2pi
κ2
(
rh
R
)d−1
µ = −rh
λ
2F1
[
1
2
,
1
2(d− 1) ,
1− 2d
2− 2d,−
r
2(d−1)
h
ρ2R2(d−1)
]
, (7)
where 2F1[a, b, c, z] is the hypergeometric function. Note the chemical potential is defined as
the value of the gauge potential evaluated at the boundary, µ = At(∞) − At(rh), where rh
is the horizon and At(rh) = 0.
Let us construct few dimensionless quantities, xh ≡ rh/R, tb ≡ TbR2, λ˜ ≡ ΛR2, tH ≡
THR, in which case, we can rewrite the temperature, chemical potential and entropy density
as
tH = − xh
(d− 1)4pi
[
2λ˜+ tb x
1−d
h
√
ρ2 + x
2(d−1)
h
]
,
µ
R
λ = −xh 2F1
[
1
2
,
1
2(d− 1) ,
1− 2d
2− 2d,−
x
2(d−1)
h
ρ2
]
, s =
(
2pi
κ2
)
xd−1h =
xd−1h
4GN
, (8)
The dimensionless temperature is plotted versus the size of the horizon in fig(1) for fixed
charge density as well as for d = 4. Note, the temperature is an even function in the charge
density, ρ. So, as far as the temperature and chemical potential are considered, the positive,
or the negative charge density, has the same effect for a fixed horizon.
Finally, we can express the dimensionless temperature, tH , in terms of the entropy density,
s, as
tH = −(4GNs)
1
d−1
4pi(d− 1)
[
2λ˜+
tb
4GNs
√
ρ2 + (4GNs)2
]
(9)
and is plotted in fig(2).
Temperature versus entropy density or horizon: If we look at fig(1) and fig(2), then
it is easy to notice that the temperature decreases for small values of the horizon size (or
entropy density) and increases for higher values of the horizon size (or entropy density) when
the tension of the brane is positive.
If we define the specific heat for fixed charge density, Cρ, as, Cρ = TH
(
∂s
∂TH
)
ρ
then it
follows from fig(1) and fig(2) that there exists branches for which Cρ changes sign. For
negative, tb, and for small entropy density the specific heat is negative whereas for large
entropy density it is positive. In the former case the system is thermodynamically unstable
whereas in the latter case it is stable.
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Figure 1: The figure is plotted for dimensionless Hawking temperature, tH , vs the size of the
horizon, xh, for AdS5 black hole. The parameters are set as: λ˜ = −d(d−1)2 − tb2 , d = 4, ρ = −2.
For negative brane tension there exists two branches whereas for positive brane tension there
exists only one branch.
Figure 2: The figure is plotted for the temperature vs the entropy density, s, times the
Newton constant, GN , of the AdS5 black hole. The parameters are set as: λ˜ = −d(d−1)2 −
tb
2
, d = 4, ρ = −2. For negative brane tension there exists two branches whereas for positive
brane tension there exists only one branch.
Chemical potential versus horizon: The dimensionless chemical potential as written
down in eq(8) does not depend explicitly on the sign of the tension of the DBI action, Tb,
and is independent of the sign of the charge density. For fixed non-zero charge density, ρ,
it starts from zero and saturates to some finite negative value for large size of the horizon.
7
More importantly, it never diverges. The slope of the curve between chemical potential and
the horizon for fixed charge density is negative and approaches zero for large size of the
horizon.
The behavior of the chemical potential that follows from Einstein-Maxwell system is
different in many respects, e.g., it diverges for very small size of the horizon, vanishes for
large size of the horizon. The detailed comparison at UV and at IR is given in the conclusion.
Null energy condition: It is expected that the gravitational solution should respect the
null energy condition: TMNu
MuN ≥ 0, for some null vectors uM and energy momentum
tensor TMN . Using the equation for the metric tensor, we can rewrite the null energy
condition as RMNuMuN ≥ 0, where RMN is the Ricci tensor.
Given the solution as written down in eq(5), we can make two different choices of the
null unit vectors. These are (a) ut = 1/
√
gtt, u
r = 1/
√
gtt, u
xi = 0 and the second choice
is (b) ut = 1/
√
gtt, u
r = 0, ux1 = 1/
√
gxx and u
xi = 0 for i 6= 1. The choice (a) saturates
the null energy condition and hence does not give anything interesting. However choice (b)
gives
RMNuMuN = r
2f ′′(r) + (d+ 1)rf ′(r)
2R2
=
Tb
2
(
R
r
)d−1 ρ2√
ρ2 +
(
r
R
)2(d−1) , (10)
where we have used the solution as written explicitly in eq(6). Finally, the imposition
of the null energy condition on the solution eq(6) gives the positive tension of the brane,
Tb ≥ 0.
3 Thermodynamics
In this section, we would like to study the thermodynamics of the Einstein-DBI-dilaton
system for trivial value of the scalar field. It means we are looking at the thermodynamics
at UV, where the spacetime approaches AdS. The approach that we shall follow to study
thermodynamics is that of the covariant counter term method.
The on-shell bulk gravitational action eq(1) becomes
Sbulk = − 1
2κ2
∫
dd+1x
d
dr
(√
gtt√
grr
g′xxg
(d−3)
2
xx
)
, where g′xx =
d
dr
(gxx) (11)
and the (d+ 1) dimensional volume integral reduces to a surface integral:
Sbulk = − 12κ2
∫
ddx
(√
gtt√
grr
g′xxg
(d−3)
2
xx
)UV
IR
, where UV is defined at r =∞ and the IR at r = rh.
The Gibbons-Hawking term required for the proper variation of the action eq(1)
SGH = − 1
κ2
∫
ddx
√−hK, (12)
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where K is the trace of the extrinsic curvature and hab is the induced metric on the
space like/time like surface on the boundary. The extrinsic curvature is defined as Kab =
−1
2
(∇anb +∇bna), where na is the unit vector normal to the boundary. The counter term
that is required to find the well defined on-shell bulk action on the boundary
Sct =
α
2κ2
∫
ddx
√−h, (13)
where α is a constant to be determined by demanding that Sbulk + SGH + Sct is well defined
and finite on the boundary.
Using the solution as written in eq(5), we find the form of SGH and Sct as
SGH =
1
2κ2
∫
ddx
g′ttg
(d−1)
2
xx√
gttgrr
+ (d− 1)g′xx
√
gtt√
grr
g
(d−3)
2
xx
 , Sct = α
2κ2
∫
ddx
√
gttg
(d−1)
2
xx . (14)
Since, we are interested to understand the thermodynamics of the DBI system at UV,
we shall consider the solution as written in eq(5) for this purpose. The sum of all the three
terms, Stotal ≡ Sbulk + SGH + Sct to be evaluated on the boundary is
Stotal =
1
2κ2
∫
ddx
[(
−
√
gtt√
grr
g′xxg
(d−3)
2
xx
)UV
IR
+
g′ttg
(d−1)
2
xx√
gttgrr
+ (d− 1)g′xx
√
gtt√
grr
g
(d−3)
2
xx + α
√
gttg
(d−1)
2
xx

UV ]
(15)
In order to evaluate Stotal, let us consider the precise form of the geometry as written in
eq(6), in which case, it reduces to
Stotal =
1
2κ2
∫
ddx
([
rd
Rd+1
(
r f ′(r) + 2(d− 1)f(r) + αR
√
f(r)
)]
UV
+ 2
(
rd
Rd+1
f(r)
)
IR
)
.
(16)
Note, the function, f(r), obeys the following differential equation
rf ′(r) + df(r) +
2ΛR2
d− 1 +
TbR
2
d− 1
r1−d
R1−d
√
ρ2 +
r2(d−1)
R2(d−1)
= 0 (17)
and the function f(r) vanishes at IR, i.e., f(rIR) = 0. In which case
Stotal =
Vd−1β
2κ2
(
rd
Rd+1
−2ΛR2
d− 1 −
TbR
2
d− 1
r1−d
R1−d
√
ρ2 +
r2(d−1)
R2(d−1)
+ (d− 2)f(r) + αR
√
f(r)
)UV ,
(18)
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where
∫
ddx =
∫
dd−1x
∫
dt = Vd−1 β and β = 1/TH . The time direction is considered
to be periodic with periodicity β, which is the inverse of Hawking temperature. Recall, the
background cosmological constant, Λ, is negative and the function, f(r), has the form given
as
f(r) =
c1
rd
− 2ΛR
2
d(d− 1) −
TbR
2ρ
(d− 1)
r1−d
R1−d 2
F1
[
− 1
2
,
1
2(d− 1) ,
2d− 1
2(d− 1) ,−
r2(d−1)
R2(d−1)ρ2
]
. (19)
The asymptotic behavior of the quantity written in the square bracket of eq(18) is given
in the appendix A, using it we find at UV, the on-shell value of the action diverges unless
we set
α = −2(d− 1)
R
√√√√−2ΛeffR2
d(d− 1) . (20)
For this choice of, α, we get the regularized on-shell action, Stotal, as
Stotal = −Vd−1β
2κ2
c1
Rd+1
≡ −I, (21)
where I/β is the thermodynamic potential in the grand canonical ensemble. The quantity,
c1 is determined from the condition f(rIR) = 0. In case of a black hole, rIR, is the location
of the horizon, rh. Finally
I =
Vd−1β
2κ2
(
2Λ
d(d− 1)
rdh
Rd−1
+
Tbρ
(d− 1)rh 2F1
[
− 1
2
,
1
2(d− 1) ,
2d− 1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
])
.(22)
Entropy: Various thermodynamic quantities are determined from the thermodynamic po-
tential, I/β, by differentiation. As an example, the entropy is
S = β
(
∂I
∂β
)
ϕ
− I ≡ M
N
, (23)
where ( ∂I
∂β
)ϕ is to be evaluated at constant chemical potential. The quantities M and N are
M =
(
rh
R
)d−1
Vd−1
√
ρ2 + r
2(d−1)
h R
2(1−d)
(
2Rd+1rd+1h Λρ+ dR
2dr2hTbρ
2
2F1
[
− 1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
− 2Rd+1rd+1h Λ
√
ρ2 + r
2(d−1)
h R
2(1−d)
2F1
[
1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
− Tbr2hR2d(ρ2 + r2(d−1)h R2(1−d))
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2F1
[
1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
])
,
N = 4Gρ
(
TbR
2dr2h(ρ
2 + r
2(d−1)
h R
2(1−d)) + 2ΛRd+1rd+1h
√
ρ2 + r
2(d−1)
h R
2(1−d) +
1
ρ
(ρ2 + r
2(d−1)
h R
2(1−d))2F1
[
1,
d
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
×
(
(d− 2)R2dr2hTbρ2 − TbR2r2dh − 2ΛRd+1rd+1h
√
ρ2 + r
2(d−1)
h R
2(1−d)
))
(24)
In general, it is difficult to simplify further the ratio, M/N . So, we shall find it for large
value of the charge density, in which case, the entropy density reduces to
s ≡ S
Vd−1
=
rd−1h
4GRd−1
+O(1/ρ22), 2κ2 ≡ 16piG. (25)
Even though, we did not find an exact result, but this holds true for very high order in 1/ρ.
In fact, the same value of the entropy density, s =
rd−1
h
4GRd−1 , follows for d = 4, to very high
order, for the small and large horizon size.
Chemical potential: The chemical potential, µ, is defined as the difference of the elec-
trostatic potential at the boundary and at the horizon, i.e., µ = At(r =∞)−At(r = rh). In
our case, the gauge potential has the following form
At(r) =
r
λ
2F1
[
1
2
,
1
2(d− 1) ,
1− 2d
2− 2d,−
r2(d−1)
R2(d−1)ρ2
]
+ ϕ, (26)
where the constant, ϕ, is defined as the location for which, At(rh) = 0. Using the asymp-
totic behavior of the hypergeometric function as discussed in Appendix A, we find that
At(r)|r=boundary ∼ 1λrd−2 + ϕ. So, the gauge potential becomes constant at the boundary
whereas the electric field vanishes at the boundary. It means the chemical potential
µ = ϕ = −rh
λ
2F1
[
1
2
,
1
2(d− 1) ,
1− 2d
2− 2d,−
r
2(d−1)
h
R2(d−1)ρ2
]
. (27)
The electric charge, q, is defined from thermodynamics point of view as
q = − 1
β
(
∂I
∂ϕ
)
β
=
TbVd−1λ
16piG
ρ+O(1/ρ12). (28)
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Energy: Thermodynamically, the energy is defined as
E =
(
∂I
∂β
)
ϕ
− ϕ
β
(
∂I
∂ϕ
)
β
(29)
This is due to the fact that the thermodynamic potential is defined as I/β = (E−THS−
ϕq). Finally, the energy came out as
E = −(d− 1)Vd−1
16piG
c1
Rd+1
= −(d− 1)Vd−1
16piG
×(
2Λ
d(d− 1)
rdh
Rd−1
+
Tb
√
ρ2
(d− 1)rh 2F1
[
− 1
2
,
1
2(d− 1) ,
2d− 1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
])
. (30)
Again this result holds for very high order in 1/ρ. The energy density is plotted for
(ρ = −2) negative charge density in fig(3) . For very high value of the size of the horizon,
rh → ∞, the energy, E → − (Tb+2Λ)dRd−1 rdh Vd−116piGN . If we demand that the energy should become
positive then it gives us the condition Tb + 2Λ < 0.
Figure 3: The figure is plotted for the energy density times 16piGNR vs the horizon size
for the AdS4 black hole. The parameters are set as: λ˜ = −d(d−1)2 − tb2 , ρ = −2. The upper
curve, middle curve and the lower curves are for tb = 0, tb = 1 and tb = 2, respectively.
First law of thermodynamics: It is known that the first law of thermodynamics, in the
presence of chemical potential (electric type) takes the following form
dE = TH dS + ϕ dq. (31)
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Upon performing explicit calculations, we find the variation of the energy reads as
dE = − Vd−1
16piG
 2Λ
Rd−1
rd−1h + Td ρ
√√√√1 + r2(d−1)h
R2(d−1)ρ2
 drh + Tb Vd−1
16piG
rh
(d− 1)
√√√√1 + r2(d−1)h
R2(d−1)ρ2
− d 2F1
[
− 1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
] dρ (32)
Now, using the identity√√√√1 + r2(d−1)h
R2(d−1)ρ2
− d 2F1
[
− 1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
= −(d− 1) 2F1
[
1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
(33)
we ended up
dE = − Vd−1
16piG
 2Λ
Rd−1
rd−1h + Tb ρ
√√√√1 + r2(d−1)h
R2(d−1)ρ2
 drh − Tb Vd−1
16piG
rh
2F1
[
1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
r
2(d−1)
h
R2(d−1)ρ2
]
dρ = TH dS + ϕ dq, (34)
where we have used the expression of the temperature, the chemical potential and the
charge from eq(7) and eq(28).
It is interesting to note that the validity of the first law of thermodynamics is inde-
pendent of the sign of the tension of the DBI action. This suggests that the first law of
thermodynamics does not depend on the validity of the null energy condition.
Smarr type formula: Given the energy, temperature, entropy, chemical potential and
charge, let us find a Smarr type equation involving these quantities. It is easy to obtain the
following relation by explicit calculations
E =
(d− 1)
d
(TH S + ϕ q) . (35)
Modified Gibbs-Duhem relation: In thermodynamics, the Gibbs-Duhem equation re-
lates the differentials of the intensive variables. However, in the studies of the charged black
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holes that asymptotes to AdS spacetime satisfies the following modified relation involving
the change in temperature to the change in the chemical potential with the change in energy
(d− 1)
d
(s dTH + q dϕ) = dE (36)
This follows from the first law of thermodynamics and the Smarr equation as written
in eq(34) and eq(35), respectively. It should be noted that we have the differentials of the
intensive variables like temperature, dTH , and chemical potential, dϕ, that appear in the
left hand side of the equation whereas on the right hand side we have the differential of the
extensive variable like energy, dE.
Stability: It is suggested in [25] that the thermodynamical stability in grand canonical
ensemble can be studied by looking at the positivity of the following quantities
TH
(
∂s
∂TH
)
ρ
> 0; χ−1 ≡
(
∂µ
∂ρ
)
TH
> 0 (37)
where µ, ρ, s, TH are chemical potential, charge density, entropy density and Hawking
temperature, respectively.
The ratio of the specific heat with the entropy density, Cρ
s
, which is a dimensionless
quantity, gives an idea of the stability of the system. The specific heat is defined as Cρ ≡
TH
(
∂s
∂TH
)
ρ
. Hence, the quantity, ∂(log s)
∂(log TH)
= Cρ
s
. Upon calculating it explicitly
Cρ
s
= (d− 1)
1 + Tbρ2R2(d−1)
4piTHr
d−2
h
√
ρ2R2(d−1) + r2(d−1)h
−1 . (38)
It follows very easily that the sign of Cρ
s
is completely determined by the sign of Tb. If Tb
is considered to be positive then it means the system that we are considering is thermody-
namically stable. However, if we choose Tb to be negative then the system can have negative
Cρ
s
, which means that it can be thermodynamically unstable. Moreover, in the negative Tb
case the system can undergo thermodynamic phase transition because of the divergence in
specific heat. However, negative Tb has been ruled out by the null energy condition.
If we make a plot for ratio of the specific heat over the entropy density, Cρ
s
, for the positive
tension of the brane, we find that for very small size of the horizon the above mentioned
ratio becomes negative, see fig(4). This is not surprising because for such a value of the size
of the horizon, the temperature itself becomes negative. It means there exists a minimum
size of the horizon for charged black hole. In fact, this behavior is peculiar to the charged
AdS black hole, see fig(8) of the Einstein-Maxwell system in Appendix B.
For both positive as well as negative tension of the DBI brane, the ratio Cρ
s
approaches
(d− 1) for large size of the horizon (which is same as large black holes). However, when the
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size of the black hole becomes small in units of the size of the AdS radius, the ratio Cρ
s
can
be negative. When the tension of the DBI brane is positive one cannot go below a minimum
size of the horizon, which is determined by the positive value of the Hawking temperature.
Figure 4: The figure is plotted for the specific heat over entropy density versus the horizon
size for the AdS5 black hole. The parameters are set as: λ˜ = −d(d−1)2 − tb2 , ρ = −2, tb = 1 .
As far as the other quantity, χ−1 > 0, is concerned, it is very difficult to find its sign,
analytically. However, one can read out the sign from the plot of such a quantity, 1/χ, versus
the size of the horizon for fixed charge density, ρ, which is drawn in fig(5). It follows that
χ−1 > 0 can become negative for negative tension of the brane. But such a value of the
tension of the brane has been ruled out by the null energy condition.
So, the gravitational solution under study is thermodynamically stable.
4 Energy momentum tensor
The energy momentum tensor for this case has the form
Tab =
1
8piG
(
Kab −Khab + α
2
hab
)
(39)
The energy is calculated as follows
E =
∫
dd−1x
√
det(σ) N ut ut Ttt, (40)
where the geometry on the boundary is written in the ADM way as
habdx
adxb = −N2dt2 + σij(dxi +N idt)(dxj +N jdt) (41)
15
Figure 5: The figure is plotted for the change in chemical potential with the charge density
for a fixed temperature versus the horizon size for the AdS5 black hole. The parameters are
set as: λ˜ = −d(d−1)
2
− tb
2
, ρ = −2, tb = 1 .
and ut is the unit timelike vector normal to the boundary. Note, the integrand in the
calculation of the energy is to be evaluated on the boundary and the integration is to be
done over the spatial directions in field theory. The energy takes the following form
E =
∫
dd−1x g
d−1
2
xx
1√
gtt
[
Ktt +Kgtt − α2 gtt
]
8piG
, ut =
1√
gtt
,
√
det(σ) = g
d−1
2
xx , N =
√
gtt (42)
Calculating the extrinsic curvatures we find
E = − 1
8piG
∫
dd−1x g
d−1
2
xx
[
(d− 1)g′xxgtt
2gxx
+
α
2
√
gtt
]
(43)
By considering the metric components as gtt =
r2
R2
f(r), gxx =
r2
R2
, we find the energy
reduces to
E = −Vd−1
8piG
rd
Rd
[
(d− 1)
R
f(r) +
α
2
√
f(r)
]
,
∫
dd−1x = Vd−1 (44)
Let the function, f(r), at the boundary goes as
limr→∞f(r) = c0 +
c1
rd
+O( 1
rd+1
), (45)
In which case the energy at the boundary becomes
E = −(d− 1)
16piG
Vd−1
Rd+1
c1, (46)
where we have used α = −2(d−1)√c0/R. For electrically charged black hole, c0 = −2ΛeffR
2
d(d−1) ,
see Appendix A, in which case, α matches precisely with that written in eq(20).
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5 Dyonic Black hole
The dyonic solution for the Einstein-Hilbert-DBI system is found in [11]. Let us write down
the solution to the geometry as well as to the gauge field strength
ds23+1 =
r2
R2
[
−f(r)dt2 + dx2 + dy2
]
+
R2dr2
r2f(r)
, F = A′t(r)dt ∧ dr +Bdx ∧ dy
At(r) =
rρ
λ
√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
]
+ ϕE, (47)
where B and ϕE = − rhρ
λ
√
ρ2+λ2B2
2F1
[
1
2
, 1
4
, 5
4
,− r4h
R4(ρ2+λ2B2)
]
are constants and will be inter-
preted as the magnetic field and the chemical potential dual to electric charge. The function
f(r) obeys the following differential equation
rf ′(r) + 3f(r) + ΛR2 +
TbR
2
2r2
√
r4 +R4(ρ2 + λ2B2) = 0 (48)
and has the explicit form [11]
f(r) =
c1
r3
−ΛR
2
3
−TbR
2
6r2
√
r4 +R4(ρ2 + λ2B2)−TbR
4
√
ρ2 + λ2B2
3r2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
]
(49)
In this case, the on-shell Einstein-Hilbert bulk action gives
Sb =
1
2κ2
∫
d3+1x
 d
dr
(
−
√
gtt√
grr
g′xx
)
+ Tb
λ2B2
√
gttgrr√
ρ2 + λ2B2 + g2xx
 (50)
In what follows, we shall consider the form of the geometry as written in eq(47). In which
case, the bulk action reduces to
Sb =
1
2κ2
∫
d3x
(
−2 r
3
R4
f(r) + Tb r
λ2B2√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
])UV
IR
(51)
The Gibbons-Hawking term and the counter term takes the following form
SGH + Sct =
1
2κ2
∫
d3x
(
g′ttgxx√
gttgrr
+ 2g′xx
√
gtt√
grr
+ α
√
gttgxx
)UV
=
1
2κ2
∫
d3x
(
3r3f(r)
R4
− Λr
3
R2
− Tbr
2R2
√
r4 +R4(ρ2 + λ2B2) + α
r3
R3
√
f(r)
)UV
,(52)
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The total action, Stotal ≡ Sb + SGH + Sct gives
Stotal =
1
2κ2
∫
d3x
[(
r3f(r)
R4
− Λr
3
R2
− Tbr
2R2
√
r4 +R4(ρ2 + λ2B2) + α
r3
R3
√
f(r)
)UV
+ Tb
(
r
λ2B2√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
])UV
IR
]
, (53)
where we have considered, f(rIR) = 0. It means for a black hole solution, rIR = rh.
Upon demanding that the total action, Stotal, is finite at the boundary allows us to set
α = − 4
R
√
−2ΛeffR2
6
and in which case, it reduces to
Stotal = − 1
2κ2
V2β
[
c1
R4
+ Tb rh
λ2B2√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]]
, (54)
where β is the periodicity of the Euclidean time circle. The quantity, c1, can be determined
from the condition, f(rh) = 0. Hence, we get
Stotal = −V2β
2κ2
[
Λr3h
3R2
+
Tbrh
6R2
√
r4h +R
4(ρ2 + λ2B2) +
Tbrh(ρ
2 + 4λ2B2)
3
√
ρ2 + λ2B2
×
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]]
= −V2β
2κ2
[
Λr3h
3R2
− Tbrhλ
2B2
3R2(ρ2 + λ2B2)
√
r4h +R
4(ρ2 + λ2B2) +
Tbrh(ρ
2 + 4λ2B2)
2
√
ρ2 + λ2B2
×
2F1
[
− 1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]]
≡ −I, (55)
where I/β is the thermodynamic potential, Ω. It is very easy to see that in the zero magnetic
field limit the quantity Stotal reduces to that of the electrical charged black hole case studied
earlier for d = 3. The temperature, TH , and entropy, S, of such a dyonic back hole reads as
TH = − rh
8pi
[
2Λ +
Tb
r2h
√
r4h +R
4(ρ2 + λ2B2)
]
, s ≡ S
V2
=
2pi
κ2
r2h
R2
. (56)
The behavior of the temperature versus the size of the horizon is plotted in fig(6) for
fixed charge density and magnetic field. Again for negative tension of the brane, there exists
two different branches. These two branches have two different signs of the specific heat.
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Figure 6: The figure is plotted for the temperature vs the size of the horizon for AdS4 black
hole. The parameters are set as: λ˜ = −d(d−1)
2
− tb
2
, d = 3, ρ = −2, λB = 2. For negative
brane tension there exists two branches whereas for positive brane tension there exists only
one branch.
Null energy condition: The imposition of the null energy condition, TMNu
MuN ≥ 0, for
null vectors, uM can be re-written as RMNuMuN ≥ 0 upon using the solution of the metric
RMNuMuN = r
2f ′′(r) + 4rf ′(r)
2R2
=
Tb
2r2
R4(ρ2 + λ2B2)√
r4 +R4(ρ2 + λ2B2)
, (57)
where we have used the null vector as given earlier in choice (b) in section (2). It just follows
that the null energy condition imposes a restriction on the tension of the brane, Tb, that it
should always be positive.
Energy: The energy of a dyonic black hole can be calculated using the formula as written
in eq(46). It reads as
E = − 1
8piG
V2
R4
(
ΛR2r3h
3
+
TbrhR
4
√
ρ2 + λ2B2
2
2F1
[
− 1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
])
, (58)
which is plotted in fig(7)
First law of thermodynamics: Given the energy, E, as written above in eq(58), the
variation of the energy, E, gives
dE =
1
8piG
V2
R4
(
4piTHR
2rhdrh − TbR
4ρrh
2
√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]
dρ
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Figure 7: The figure is plotted for the energy density times 8piGNR vs the horizon size for
the AdS4 black hole. The parameters are set as: λ˜ = −d(d−1)2 − tb2 , ρ = −2, λB = 2. The
red curve, green curve and the blue curve are for tb = 0, tb = 1 and tb = 2, respectively.
− TbR
4λ2Brh
2
√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]
dB
)
= TH dS + ϕE dqE − TbR
4λ2Brh
2
√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]
dB, (59)
where the entropy, S, chemical potential, ϕE and the electric charge, qE are
S =
V2r
2
h
4GR2
, ϕE = − rhρ
λ
√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]
, qE =
TbV2λ
16piG
ρ (60)
If we write the magnetic charge and the chemical potential associated to it as
qM =
TbV2λ
2
16piG
B, ϕM = − rhB√
ρ2 + λ2B2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
h
R4(ρ2 + λ2B2)
]
(61)
then the variation of the energy can be written as
dE = TH dS + ϕE dqE + ϕM dqM . (62)
Generically, the magnetic charge is defined as
qM =
Tbλ
2
16piG
∫
F, (63)
where F is a two form defined in eq(47) and
∫
F is to be evaluated in the large r limit. Note
that limr→∞At(r)→ ϕE.
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Smarr Relation: The relation between energy, temperature, electric charge, electric type
chemical potential, magnetic charge and magnetic type chemical potential is calculated to
have the following form
E =
2
3
[THS + qEϕE + qMϕM ] (64)
Ratio Cρ
s
: Upon doing calculations, we find the ratio comes out as
Cρ
s
= 2
1 + TbR4(ρ2 + λ2B2)
4piTHrh
√
r4h +R
4(ρ2 + λ2B2)
−1 (65)
It has the same feature as obtained for the charged black hole case, namely, for large
black holes (rh →∞), the ratio Cρs approaches 2. It is thermodynamically stable for positive
tension of the brane.
6 Conclusion
In this paper, we have studied the thermodynamics of the Einstein-Dirac-Born-Infeld (EDBI)
action. The thermodynamics is studied by calculating the free energy of the EDBI system in
the grand canonical ensemble. In particular, the free energy is computed by regulating the
on-shell bulk action with the help of the Gibbon-Hawking term along with a counter term.
The coefficient of the counter term is fixed so as to remove the infinity at the boundary, i.e.,
at UV, of the on-shell action. Once the on-shell action is regularized various thermodynamic
quantities are computed from the free energy using the usual thermodynamic prescription.
In the study of the thermodynamics, we have shown that the Einstein-Dirac-Born-Infeld
system obeys the first law of black hole. Moreover, it also respects the Smarr formula. It is
thermodynamically stable. Interestingly, the first law of thermodynamics does not depend
on the validity of the null energy condition.
Let us make a comprehensive list of comparison of the thermodynamical quantities that
follows from the Einstein-Maxwell system and the Einstein-Dirac-Born-Infeld system in 3+1
spacetime dimensions.
Grand Potential: The precise form of the grandpotential in various powers of the size of
the horizon for the dyonic black hole in 3 + 1 dimensional spacetime dimensions are
ΩMaxwell = a r
3
h +
b
rh
, where a, b are constants
ΩDBI =
 a1r
3
h +
b1
rh
+ c1
r5
h
+ · · · (ρ2+λ2B2)R4
r4
h
 1
a2rh + b2r
3
h + c2r
5
h + · · · (ρ
2+λ2B2)R4
r4
h
 1 (66)
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for some constants ai, bi and ci.
Temperature: The Hawking temperature reads as
TMaxwell = A rh +
B
r3h
, where A, B are constants
TDBI =
 A1rh +
B1
r3
h
+ C1
r7
h
+ · · · (ρ2+λ2B2)R4
r4
h
 1
A2
rh
+B2rh + C2r
3
h + · · · (ρ
2+λ2B2)R4
r4
h
 1 (67)
for some constants Ai, Bi and Ci.
Chemical potential:
ϕE, Maxwell =
x
rh
, ϕM, Maxwell =
y
rh
, where x,y are constants
ϕE, DBI =

X1
rh
+ Y1
r5
h
+ · · · (ρ2+λ2B2)R4
r4
h
 1
X2rh + Y2r
5
h + · · · (ρ
2+λ2B2)R4
r4
h
 1, (68)
whereXi, Yi’s are constants. Similar structure for the magnetic part of the chemical potential
for the Einstein-DBI system.
Energy: The energy associated to the Einstein-Maxwell black hole and the Einstein-DBI
balck hole are
EMaxwell = s r
3
h +
τ
rh
, where s and τ are constants
EDBI =
 s1r
3
h +
τ1
rh
+ ξ1
r5
h
+ · · · (ρ2+λ2B2)R4
r4
h
 1
s2rh + τ2r
3
h + ξ2r
5
h + · · · (ρ
2+λ2B2)R4
r4
h
 1, (69)
for some constant si, τi and ξi’s.
Entropy: The form of the entropy in terms of the size of the horizon is same for both the
systems. However, the size of the horizon for both the cases are not necessarily same. In
the Einstein-Dirac-Born-Infeld case, it depends on the tension on the tension of brane, Tb as
well as on the background cosmological constant. However, for the Einstein-Maxwell case,
it depends on the cosmological constant. The dependence on the electric charge density and
the magnetic field differs in both the cases.
It is interesting to note that all the thermodynamical quantities, except the entropy,
are odd powers in the size of the horizon. Moreover, in the limit of (ρ
2+λ2B2)R4
r4
h
 1, the
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Einstein-DBI system gives the same result as Einstein-Maxwell system. It means in the limit
of small electric charge density or the magnetic field in comparison to the size of the horizon
the Einstein-DBI system gives the same physics as that of the Einstein-Maxwell system.
Various thermodynamical quantities for large size of the horizon provides the known AdS
result, as expected. Different kinds of matter field gives rise to result which are sub-leading
to the AdS result at UV, whereas for small size of the horizon i.e., at IR it can give different
result.
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7 Appendix: A
In this appendix, we shall collect some properties of the hypergeometric function, 2F1[a, b, c, x] ≡
F [a, b, c, x] from [24].
F [a, b, c,−x] = (1 + x)−aF [a, c− b, c, x
1 + x
] (70)
In the limit of large, x→∞, the leading order term is
limx→∞F [a, b, c,−x] → x−a
(
1− a
x
+ · · ·
)
F [a, c− b, c, 1]
= x−a
Γ (c) Γ (b− a)
Γ (c− a) Γ (b) +O(
1
xa+1
) (71)
In particular, for a = −1/2, b = 1/(2(d − 1)), c = 1 + b, x = 1/ρ2 (r/R)2(d−1), the
leading order term for large r is
limr→∞F
[
−1
2
,
1
2(d− 1) , 1 +
1
2(d− 1) ,−
1
ρ2
(
r
R
)2(d−1)]
=
1
ρ
(r/R)d−1 × 1
d
+O(1/rd−1)
(72)
where we have used , F
[
−1
2
, 1, 1 + 1
2(d−1) , 1
]
= 1
d
.
Electrically charged black hole: In this case, the function, f(r), has the form
f(r) =
c1
rd
− 2ΛR
2
d(d− 1) −
TbR
2ρ
(d− 1)
r1−d
R1−d 2
F1
[
− 1
2
,
1
2(d− 1) ,
2d− 1
2(d− 1) ,−
r2(d−1)
R2(d−1)ρ2
]
. (73)
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whose asymptotic behavior i.e., at UV is
limr→∞ f(r) =
c1
rd
− 2ΛeffR
2
d(d− 1) +O
(
1
r2(d−1)
)
,
limr→∞
√
f(r) =
√√√√−2ΛeffR2
d(d− 1)
[
1− c1
2rd
d(d− 1)
2ΛeffR2
]
+O
(
1
r2(d−1)
)
,
limr→∞
(
(d− 2)f(r) + αR
√
f(r)
)
=
√√√√−2ΛeffR2
d(d− 1)
αR + (d− 2)
√√√√−2ΛeffR2
d(d− 1)

+
c1
rd
(d− 2) + αR
2
√√√√ d(d− 1)
−2ΛeffR2
+O ( 1
r2(d−1)
)
limr→∞
−2ΛR2
d− 1 −
TbR
2
d− 1
r1−d
R1−d
√
ρ2 +
r2(d−1)
R2(d−1)
+ (d− 2)f(r) + αR
√
f(r)
 =
−4ΛeffR
2
d
+ αR
√√√√−2ΛeffR2
d(d− 1) +
c1
rd
(d− 2) + αR
2
√√√√ d(d− 1)
−2ΛeffR2
+O ( 1
r2(d−1)
)
(74)
where 2Λeff = Tb + 2Λ.
Now, because of the brane, which is described by DBI action, the cosmological constant
is given by Λeff . In this case, we can re-define R and the spatial coordinates, xi, to bring
the geometry to AdS at UV.
Dyonic black hole: For such a black hole, the function, f(r), is given in [11] and has the
form
f(r) =
c1
r3
− ΛR
2
3
− TbR
2
√
r4 +R4(ρ2 + λ2B2)
6r2
− TbR
4
√
ρ2 + λ2B2
3r2
2F1
[
1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
]
,
=
c1
r3
− ΛR
2
3
− TbR
4
√
ρ2 + λ2B2
2r2
2F1
[
− 1
2
,
1
4
,
5
4
,− r
4
R4(ρ2 + λ2B2)
]
(75)
At UV, the function, f(r) behaves as
limr→∞ f(r) = −2ΛeffR
2
6
+
c1
r3
+O
(
1
r4
)
,
limr→∞
√
f(r) =
√
−2ΛeffR
2
6
+
c1
2r3
√
6
−2ΛeffR2 +O
(
1
r4
)
,
(76)
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8 Appendix B: Einstein-Maxwell system (Dyonic AdS
black hole)
In this section, we shall calculate the free energy associated to the dyonic AdS black hole.
For this purpose, we shall consider the following action
Sb =
1
2κ2
∫ √−g (R−R2FMNFMN + 6
R2
)
(77)
The solution takes the following form
ds2d+1 =
r2
R2
[
−f(r)dt2 + dx2 + dy2
]
+
R2dr2
r2f(r)
, F = A′t(r)dt ∧ dr + bdx ∧ dy
At(r) = ϕE − ρER
2
r
, (78)
where ϕE =
ρER
2
rh
will be interpreted as the chemical potential dual to electric charge and
ρE is the charge density. The function f(r) obeys the following differential equation
rf ′(r) + 3f(r)− 3 +R8 (ρ
2
E + b
2)
r4
= 0 (79)
and the has the explicit form as
f(r) = 1 +
c1
r3
+R8
(ρ2E + b
2)
r4
. (80)
The finite on-shell value of the action, which is the sum of the bulk action, eq(77), along
with the Gibbons-Hawking term and the counter term gives
Stotal = Sb + SGH + Sct = −V2β
2κ2
[
c1
R4
+
4R4b2
rh
]
≡ −I, (81)
where SGH , Sct are written in eq(12) and eq(13) and rh is the horizon for which f(rh) = 0.
The only value of α, for which Stotal becomes finite is α = −4/R. In which case, the grand
potential becomes
Ω ≡ I
β
= − V2
2κ2
[
r3h
R4
+
(ρ2E − 3b2)
rh
R4
]
= − V2
2κ2
[
r3h
R4
+ ϕ2Erh −
3b2
rh
R4
]
. (82)
The Hawking temperature,TH , and the Hawking-Bekenstein entropy, S, of such a dyonic
black hole reads as
TH =
3
4pi
rh
R2
(
1− (ρ
2
E + b
2)
3r4h
R8
)
, S =
V2
4G
(
rh
R
)2
(83)
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Given the temperature as written above, one can very easily see that there exists only one
branch for which the temperature is positive and this happens for large size of the horizon.
Moreover, this branch has positive specific heat and is thermodynamically stable.
Defining the dimensional variable as xh ≡ rh/R, tH ≡ THR, ρ˜E ≡ ρER2, b˜ ≡ bR2,
we can write the temperature as
tH =
3
4pi
xh
(
1− (ρ˜
2
E + b˜
2)
3x4h
)
(84)
The dimensionless temperature is plotted in fig(8), from which it follows that there exists
only one branch.
Figure 8: The figure is plotted for the temperature vs the size of the horizon for AdS4 black
hole. The parameters are set as: ρ˜E = −2, b˜ = 2.There exists only one branch.
Energy: The energy that follows from eq(46) for d = 3 is
E = − V2
8piG
c1
R4
=
V2
8piG
[
r3h
R4
+
(ρ2E + b
2)R4
rh
]
(85)
Using the above mentioned dimensionless variable, the figure for the energy is plotted in
fig(9).
First law of thermodynamics: The variation of the energy gives
dE = TH dS + ϕE
V2R
2
4piG
dρE +
V2R
2
4piG
(
bR2
rh
)
db (86)
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Figure 9: The figure is plotted for the energy density times 8piGNR vs the horizon size for
the AdS4 black hole. The parameters are set as: ρ˜E = −2, b˜ = 2.
Recall, that the electric charge, qE = − V2g2YM
√−gF r0. In our case g2YM = 4piGR2 , which gives
the electric charge
qE =
V2R
2
4piG
ρE. (87)
Given the field strength tensor F = A′t(r)dt ∧ dr + bdx ∧ dy, we can find the dual field
strength ?F = − r2
R2
A′t(r)dx ∧ dy − bR2r2 dr ∧ dt. It follows that d?F = 0, upon using the
equation of motion associated to At(r), which suggests us to write
?F = dA, where A is a
one-form potential. The electric component of A gives
At = bR
2
r
+ ϕM , (88)
where ϕM is a constant and has to obtained in such a way that the norm of A vanishes at
the horizon. It gives
ϕM = −bR
2
rh
, (89)
which will be interpreted as the magnetic part of the chemical potential [23].
If we want the first law of thermodynamics to be of the following form: dE = THdS +
ϕEdqE+ϕMdqM , then it just follows that the magnetic charge, qM = −V2R24piG b. This essentially
means a suggestive form of the magnetic form of the conserved charge is qM =
V2
g2YM
√−g ?F r0.
Now, we can re-express the grand potential, Ω(rh, ϕE, qM), as
Ω = − V2
2κ2
[
r3h
R4
+ ϕ2Erh −
48pi2G2
rh
q2M
V 22
]
. (90)
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By considering the variation of the grand potential as
dΩ = −S dTH − qE dϕE + ϕM dqM , (91)
we can read out the entropy, S, electric charge, qE, and the magnetic part of the chemical
potential, ϕM , which in fact matches with the result reported above.
Ratio Cρ
s
: Upon doing calculations, we find the ratio comes out as
Cρ
s
= 2
[
1 +
R6(ρ2E + b
2)
piTHr3h
]−1
(92)
Again for large size of the black hole horizon, it approaches two. However, for smaller
size of the horizon, it never becomes negative, because the size of the horizon cannot go
below a particular value as dictated by the positive value of the Hawking temperature.
9 Appendix C
In this appendix, we shall investigate whether its possible to write the dual of the field
strengh tensor as ?F = dA, for a one-form A.
For our purpose let the field strength tensor is described by F = A′t(r)dt∧dr+ bdx∧dy,
in the four dimensional black hole AdS spacetime, where b is a constant quantity. Let us
also assume that the geometry has the following explicit form
ds2 =
r2
R2
[
−f(r)dt2 + dx2 + dy2
]
+
R2dr2
r2f(r)
(93)
then the dual field strength ?F = − r2
R2
A′t(r)dx ∧ dy − bR2r2 dr ∧ dt. The question that we
ask can we write ?F = dA, for some one-form A?
Let us assume that it is possible to write ?F = dA. If so then d?F = 0. It means ?F = dA
amounts to check whether d?F = 0 or not.
Upon calculating d?F = −∂r
[
r2
R2
A′t(r)
]
dr ∧ dx ∧ dy, so after imposing d?F = 0 we get
the relation that need to be checked ∂r
[
r2
R2
A′t(r)
]
= 0.
Maxwell case: In this case the equation of motion for the gauge field is ∂M
[√−gFMN] =
0, which in the differential form language can be written as d?F = 0. So, the time component
of the gauge potential, At(r), as defined in ?F = dA reads as At(r) = bR2r + constants. It
means the magnetic part of the chemical potential reads as ϕM = −bR2rh .
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DBI case: In this case the equation of the gauge field reads as
∂M
[√
−det(g + λF ) ((g + λF )−1 − (g − λF )−1)MN
]
= 0. This can be further reduced to
∂r
[
λA′t
√
r4+R4λ2b2√
1−λ2A′2t
]
= 0. So in this case it is not a priori clear how to read out the magnetic
part of the chemical potential from the field strength. However, if we demand the validity
of the first law of thermodynamics, dE = THdS + ϕEdqE + ϕMdqM , then we can read out
very easily the magnetic part of the chemical potential, ϕM .
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